
 

Vertex Algebras

Nyon V is a supervectorspace ie V V V

A field iq E.Ee2cnsZ
n i
where each

Acn V which should satisfy

a superalgebra 9cmV
O VEV any n 770

a is said tohave parity pca if an Vx C Vatplas
H at 2122 nEZ

A Vertex Algebra consists of the following data
the space of states W
The vacuum vector 10 EV

Note vacuum vector cannot be degenerate

State Field correspondence A parity preserving
linear map from V to the space of fields

Y a z Ezan 2h
a z

satisfying the following super
commutator T has parity sodefter

1 Translation covariance T acn n acne



where T E End V Tca 92,10

2 Vacuum

102m Sn 1 implies 107 0

Acn 107 0 for n 20

9 1 107 a

3 Locality

G w aG b w for N 370

a z b u G Pbb w acz

Excise

a z lo etca

Holomorphic VertexAlgebra

A Vertex Algebra is called holomorphic if
an o Hn 20 HaEV



In this case a z End n
2h

Claim A holomorphic vertex a commutative superalgeb
t

algebre Derivation

Pot
Directionf

Define a product on V

ab depb

107 is the unit
V2Vp C Vatp

NowChecksocomm
Observation The algebra of formal power serieshas

no zero divisor

Locality
condition

a z b w 0

ie a z b w 1
a Pcbb w a z

Comparing LHS RHS term by term



acabem GDP bam 9am
by a

albc G
P
blac

ET
ab C P

b
ba

gives supercommutativity

a b a b aka Associativity
Use
upercomm

commute
elements

and T gives a derivation on V

Translation covariance Tach Acn T n Acn 1

let n 1

Tapp 4 T 9

I
T ab a Tb acab

bydefrott
supercomm

Needtoshow
this is Tab

Tab acolo b be auto



local
92 be lo

agob

Erection
Given an assoc supercomm Superalgebra V and a

derivation T we need to construct a éttex algebra
r

set
space of states V
10 1

let the T be the derivation

acz b efta b
Equivalently

Aem b Than.b

Now check whether these

satisfytheaximsoffholomorphic vertex algebra Exercise A



Chater
Calculusof Formal distributions

A formal distribution in the indeterminates 21,22
with the values in a vector space V is a

formal expression

me
mima

1m22m

EE
where Amy my U

Given alz Egant its residue Resz acz 9

Renal
Resz Datz blz Resz a G 2b

A formal delta function A formal distribution in
Z w with values in

8 z w E Est w
n

1 H z E U Z E we have



Res f z SG W f w

2 8 z w 8 w 2

3 0 8 z w Jw 8 z w

4 z w at scz w 29 scz up
A AT

5 z w 29 g z w 0

It
By directcalculation from thedefn of 8 Zw above

Consider the map

T U z z w w U Z Z w w
i

a Z w Resz acz w z wt SG w

This map has the following properties

f IT

2 Ker IT a z w acz u acz w where



a z w Egamn
Zhwh

hEZ

1 2 aG w IT a z w b z w

has this decomposition

I ktda direct computation

1 It actin En
w 8 scz w then

E w Resz alz w WJ

a z w Z W E w Reszki 8G w z w

If n j then we get

w

If n Cj then

215 8 z w it'sstill
zero



2 Suppose a z w Egan w

Suppose
Eggan

w Rest z Z W HEN

Each term is zero we can't cancel terms
So pick a term equate it to zero

Collary

If a z w z w 0 then

alz w 1 Resz aG w z w 2 s z w

Proofrom
prov prop s

a Z W Few Resz acz w z w 8 z w

b Z w

G W
N
on bothsides



a z u G WIN
Few Resz acz w Cz w 2 8 z w lz w

There
by for JINC

assumption b z w z u
N

JLN

For j N Resz Engen
blz u z w

N

Locality

Deff a z blw formal distri with values in U
These are called local if

z w
N
acz b w 0 for N 770

Notations

1 acz Egan where 9cm 9 n t
11

Reza 2 Z

Σanzh
NEE



2 ate
Eam

E

ACZI Egan
z

n t

3 AG blw a z b w 1
b
b w acz

acz b w if a z is holomorphic

We have a G blu acz b w a 7 blw

G Pap b w acz a 2 b w a z b w

For each NEIN define

a z7nb w Resz acz blw z w

Im
Let w act blw then the following properties

locality condition

it ah blw Éoil scw j Eci



i acz blw iziwfyit.ci
w

ate blw iw.ae tiid w

lisa z b u
f jiziwtz.wpnc

u aczb w

Defn ofOPE

G P blw a z Σ ima w atdblu

aw wJ 1
z
m wh j

wit in 7
Em war

By abuse of notation

a blul E.intjt



Ep
1 Dalzamblw nazan b u

Jw a znb w AGI 2b w 2a z2 b w

2 For any a z blu mutually
local

a z7mblw GDP c Ditty bondage

3 For three formal distri

aCz7cmCblwhmccuD Elp cagsblw7mn.ge

GB badGlad

Collang

aco blw o iff aCz b a o

if a z is odd then a diff
Reswa z acw


